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Abstract—With the superior learning ability of neural net-
works, it is promising to obtain highly confident results for linear
temporal logic (LTL) satisfiability checking in polynomial time.
However, existing neural approaches are limited in inductive
ability and in supporting with an arbitrary number of atomic
propositions. Besides, there is no mechanism to verify the results
for satisfiability checking. In this paper, we propose an approach
to checking the satisfiability of an LTL formula and meanwhile
generating a satisfiable trace if the LTL formula is satisfiable,
where the satisfiable trace verifies the satisfiability result. The
core contribution is a new graph representation for LTL formulae
— one-step unfolded graph (OSUG) to incorporate the syntax
and semantic features of LTL. Preliminary results show that our
approach is superior to the state-of-the-art neural approaches on
synthetic datasets and confirms the effectiveness of OSUG.

Index Terms—linear temporal logic, satisfiability checking,
graph representation learning

[. INTRODUCTION

Linear temporal logic (LTL) satisfiability checking aims
to check whether an LTL formula is satisfiable (SAT) or
unsatisfiable (UNSAT). It is the core theoretical problem of
LTL and has wide applications, e.g., model checking [1], goal-
conflict analysis [2, 3], and business process [4]. However,
checking LTL satisfiability is PSPACE-complete [5]. Various
logic-based approaches have been proposed. They are mainly
based on model checking [6, 7], tableau [8, 9, 10, 11], temporal
resolution [12], antichains [13], and SAT [14, 15, 16, 17, 18].
The core of logic-based approaches is to design efficient search
heuristics to alleviate the exploding search space. However,
designing good heuristics is highly non-trivial. Therefore,

TCorresponding authors.

developing new approaches over different paradigms remains
to be an interesting and necessary research direction.

Recently, Luo et al. (2022) checked LTL satisfiability via
end-to-end neural networks [19]. Their work shows some po-
tential to obtain highly confident results for LTL satisfiability
checking in polynomial time. However, they require to capture
some inductive bias from variable features. It is difficult
to match the permutation invariance of atomic propositions
(Definition 1), which means that exchanging some atomic
propositions in a formula does not change the satisfiability of
the formula. Ignoring permutation invariance tends to reduce
the ability of neural networks in generalizing bias. Besides,
since different vectors are required to distinguish atomic
propositions while only m vectors of different atomic propo-
sitions are trained, their approach will not be able to solve
formulae with more than m different atomic propositions. It
severely limits the application of their approach.

By now there is no mechanism to verify the result of the
aforementioned neural approaches. Inspired by the work [20],
we are able to verify satisfiable results by utilizing neu-
ral networks to additionally generate a satisfiable trace in
polynomial time. With a polynomial-time trace checking al-
gorithm [21], we can use polynomial time to check LTL
satisfiability and perform SAT verification. SAT-verifiable LTL
satisfiability checking is crucial for some domains such as
safety-critical systems and counterexample-driven approaches.
However, their approach [20] fails in the formulae with a
large number of variables because the search space of traces
is exponential in terms of the number of variables.

In this paper, we propose a new approach to checking the
satisfiability of an LTL formula and meanwhile generating

2643-1572/23/$31.00 ©2023 IEEE
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a satisfiable trace if the LTL formula is satisfiable. Its core
is a new graph representation for LTL formulae — one-
step unfolded graph (OSUG), which incorporates syntax and
semantic features. Intuitively, OSUG concatenates each sub-
formula through a syntax tree-like structure, which represents
the syntax features; OSUG unfolds temporal operators into
constraints that need to be satisfied at this time, or at the next
time, which represents semantic features. Since OSUG uses
different vertices to distinguish different atomic propositions, it
is not limited by the maximum number of atomic propositions
and conforms to permutation invariance. With the OSUG, we
design a feature extractor based on graph neural networks
(GNNSs). According to different training ways, the extractor
is used to capture inductive bias suitable for checking LTL
satisfiability and generating traces.

Preliminary results show that, compared with state-of-the-
art (SOTA) neural approaches, our approach checks the satis-
fiability with more than 70X speedup, while still achieving
significant performance improvements (average up to 6%
improvement in F1 score). Besides, it confirms that GNNs are
able to effectively learn the features of LTL formulae from
OSUG and to use them for LTL satisfiability checking and
trace generating. Our code and datasets are publicly available
at https://github.com/sysulic/OSUG.

II. BACKGROUND

The syntax of linear temporal logic (LTL) [22] is defined by
a finite set of atomic propositions P, logical operators (V and
—), and temporal modal operators (next (O)) and until (A)).
Operator or (V), release (R), eventually (), always ((J), and
weak-until (V) can be defined by the above fundamental oper-
ators. Therefore, for brevity, we only consider the fundamental
operators in this paper. Our approach allows us to receive all
temporal modal operators of LTL.

LTL formulae are interpreted over infinite traces of propo-
sitional states. An infinite trace is represented in the form

7 = w[l],...,(x[k],...,7[n])¥, where 7[i] € 2F is a state
at time ¢ and (w[k],...,w[n])* is a loop and means that
w[k],...,m[n] appears in order and infinitely. The size of

trace 7 is n, denoted by |m|. m; denotes a sub-trace of
beginning from the state =[], particularly, 7 = ;. The
satisfaction relation |= is defined as follows, where ¢, ¢’ are
LTL formulae, i,5,k € N, and p e PU{T}:

T Ep iff  p e li],

7 e iff e,

mE NG iff mE ¢ and m; E ¢,
mi = O¢f iff  wiy = ¢,

mled U iff Fi< kuwy = ¢ and

Vi<j<kwEd¢.

Luo et al. (2022) [19] conclude four propositions of LTL.
We show the definition of the permutation invariance of atomic
propositions to demonstrate the advantage of our approach.

Proposition 1 (permutation invariance of atomic propo-
sitions [19]): Let PP be a set of atomic propositions and ¢ an
LTL formula over IP. For any p, ¢ € PU{T}, if ¢ is satisfiable,
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then ¢[p/o][q/pl[¢/q] is satisfiable, where o ¢ P U {T} and
©[;/wi] means replacing the sub-formula ¢; of ¢ with ;.

III. MODEL ARCHITECTURE

In this section, we first introduce the OSUG and the
OSUG-based extractor, then present how to train OSUG-based
extractor for satisfiability checking and trace generating.

A. One-step Unfolded Graph

We define the OSUG of LTL shown in Definition 1.

Definition 1: Let ¢ be an LTL formula. Its one-step
unfolded graph (OSUG) is a two-tuple (V, E), where V is
a set of vertices and £ C V x V is a set of undirected edges.
V and FE are initialized as {v,} and ) respectively. For every
sub-formula ¢; of ¢, V' and E are computed as follows:
if ¢; = =p; or ¢y = O¢j, then V =V U {vg,}, B =
EU {(U¢wv¢j)};
if ¢; = ¢5 A gy, then V.=V U {vg,,v4,}, E = EU
{(Ud’i ) U%) ) (U¢1 ) U¢k)};
if ¢i = ¢5 U ¢x, then V. =V U {vy,,04,, V47, V04, }»
E=FU {(Udbmv%) ) (Uquv(ﬁﬁ;) ) (Udbﬁﬁv(?)j) )

(vor,v08:) > (VO Ve, )}
where ¢;, ¢, are LTL formulae.

Intuitively, an OSUG incorporates the syntax and semantics
of LTL. The core idea behind it is to unfold the sub-formula
in one step according to the semantics of LTL, that is, it is
equivalently represented as constraints that need to be satisfied
at this time or at the next time. For a negation sub-formula
¢; = —¢;, its equivalent representation by unfolding in one
step is ¢; = —¢; A (OT. By equivalent simplification (OT =
T), its OSUG and syntax tree are the same. It allows the
neural network to capture the syntax features of LTL, and
similar ideas also appear in the work [19]. The OSUG of next
sub-formula (O¢; = T A O¢;) and conjunction sub-formula
(¢j N o, = dj N dp AQT) are similar with the negation sub-
formula. For an until sub-formula, its OSUG corresponds to
the syntax tree of the equivalent representation of the until sub-
formula, i.e., ¢; = ¢; U ¢, = ¢ V (¢; A O¢;). Its intuitive
understanding decomposing an abstract until relationship into
a series of concrete relationship combinations. It is beneficial
for the neural network in capturing the semantic features of
the until sub-formulae.

Proposition 2: The cost of the conversion from an LTL
formula to its OSUG is linear.

Proposition 2 demonstrates that there is no performance
burden using OSUGS to perform graph representation learning.

B. Automatic Feature Extractor

Inspired by the wide application of GNNs in graph-
structured feature extraction, we extract features of OSUG via
sample and aggregate graph convolutional network (SAGE),
e.g., GraphSAGE [23]. A SAGE takes the adjacency matrix of
an OSUG as the input and outputs the features of each vertex.
We add self-loops to each vertex in an OSUG to increase the
diversity of features. Considering the permutation invariance
of atomic propositions, for an input formula, we initialize each

Authorized licensed use limited to the terms of the applicable license agreement with IEEE. Restrictions apply.



vertex ¢ as a learnable type vector VEO) € R?, where d is the
embedding size and d is set to 256. We consider two types
of vectors: vertices corresponding to atomic propositions and
other vertices. These vectors are further fed to SAGE for T'
iterations, where we set 1" to 10. Formally, at the ¢-th iteration,
where ¢ € [1,T], the detailed computation is represented by

doov

JEN (i)

(t=1)
7 )

_ 1
Vgt) = lei(‘t Y + W2 |N(l)‘ (1)
where V,Et) denotes the vector of vertex ¢ in ¢-th iteration, W
and Wy are two learnable weight matrices, and A/ (4) is set
of neighbors of vertex i. We obtain v for i € V as vertex
features, where V' is the set of vertices. To obtain a graph
feature (véT)), mean pooling is applied on all vertex features.
We denote our feature extraction as

({vﬁT)\z‘ € V},ng)) = EXTRACT(¢, {vVli € V}). (2
C. LTL Satisfiability Checking

For satisfiability checking, we first utilize our extractor to
obtain a graph feature. Then, a two-layer multi-layer percep-
tron (MLP) with ReLU activation (softmax activation in the
final layer) and hidden size 512 is applied to the graph feature
to get the probability for the satisfiability of the formula.
If the satisfiability is larger than 0.5, then the formula is
checked as satisfiable, and unsatisfiable otherwise. Given an
LTL formula ¢, we denote the computation of probability
for the satisfiability as CHECK(¢). Our model is trained by
minimizing the cross-entropy loss against the ground truth.

Proposition 3: Let IP be a set of atomic propositions and ¢
an LTL formula over P. For any p,q € PU{T}, CHECK(¢) =
CHECK(¢[p/<][q/pl[o/d])-

It is straightforward to prove Proposition 3 via showing that
¢ and ¢[p/o][q/p]l¢/q] have the same OSUG and the same
result of our extractor. Proposition 3 shows that our approach
satisfies the permutation invariance of atomic propositions.

D. Trace Generating

For trace generating, we formulate it as a reinforcement
learning task and utilize a deep Q-learning network (DQN)
to solve it. We define the four ingredients of a DQN namely
states, actions, transitions, and reward as follows.

1) State: Let ¢ be an LTL formula over P. A state o is a
tuple (¢, w,loop), where w = (w[1],...), w[i] € 2F is a state
of a trace, loop = (b, .. .), and b; € {0, 1} represents whether
wli] is in the loop. (w,loop) corresponds to a trace. w €
{0, 1}1IxIPI and loop € {0,1}/*! are tensor representations
of w and loop respectively. At the start of an episode, we
sample a formula and set w and loop to an empty set. The
episode terminates after L steps and we set L to 5.

2) Action: An action a = (ag, a1) € 2F x {0, 1}, where aqg
is a state of a trace and a; is whether ag is in the loop.

3) Transition: A transition at step ¢ is a tuple
(0, a®, o(t+1)), where o) = (¢, w®,loop®) and a® are
a state and an action at time ¢, resg)ectlvely and o“‘“) =
(6, wD [ Loopt+D)) = (¢, (w®, ‘10 (loop™® a ))
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4) Reward: The reward for a transition includes three parts:
(1) sequence constraint: 1 for the prefix w®+1) not conflict
with the ¢, sg)ecially 0 for ¢ = 0; (2) loop constraint: 1 for

t 1 < and 0 otherwise, specially 0 for ¢t = 0; (3)
1ntegr1ty constraint: 10 for agL_l) =1 and 10 for generated
trace 7 satisfies ¢, respectively.

With our extractor, we design a controller, denoted by

GENERATE. It takes as inputs (¢, wit), loop(t)) and computes
(a(0t+1) a§t+1))

a

, as outputs, shown in Algorithm 1, where V'
is the set of vertices of OSUG of ¢, V, is the subset of V
corresponding to atomic propositions, z;’ ) is the truth value
of vertex ¢ at the j-th iteration, specially, 1 for initializing the
vertices corresponding to atomic propositions; 2 for others,
1) means whether the j-th state is in the loop, specially, 3
for initializing, MLP; is a two-layer MLP with ReL.U activation
and hidden size 512, the output size of MLP; and MLP; are 2 to
represent the truth value, and EMB is an embedding layer [24]
with hidden size 512. Overall, GENERATE iteratively encodes
prefixes of traces utilizing EXTRACT (lines 4-7).

Algorithm 1: GENERATE

: An LTL formula ¢, w(®), and loop®).
o{*D and o{+D),

Input
Output
2® =1, forlGV r(o) =2, fori € V/Vqg; 1000 =3
b = e, (CAT(v (O) ,EMB(2\”)) + EMB(1(0))), for i € V

{zio)\z eV}, z(o) = EXTRACT(¢, {hio)\z eV}
foreach u € [1, \w\] do
:cgu) = (w(t))u,i, for i € V;
1) = (loop®),,
h{*) = uLPo (caT(z("* V), EMB(2{")) + EMB(1(")))), for i € V'
{z (“)\i eV}, zé“) = EXTRACT(9, {h(u)\z’ ev})

LT S

;tZ(-u) =2, fori € V/Vq;

=

return {i € V|arg max(MLP1 (z; w1y = 1}, arg max(MLP2 (z Iw‘))

®

IV. PRELIMINARY EXPERIMENT
A. Setting

Competitor. We denote our approach as OSUG-SAGE. We
compare OSUG-SAGE with two SOTA neural approaches in
checking LTL satisfiability: TreeNN-inv [19] and TreeNN-
con [19], and a SOTA neural approach in trace generating:
Transformer [20].

Dataset. We use synthetic datasets [19] to train and test neural
networks, denoted by SPOT. Since Transformer requires a
satisfiable trace as supervision, we use nuXmv [25] to generate
a satisfiable trace for each satisfiable formula in datasets.
Setup. For satisfiability checking, we train all neural networks
on the training set of SPOT-[100,200), and test them on the
test set of SPOT-[100,200) and SPOT with larger formulae.
For trace generating, we only use the satisfiable formulae in
SPOT-[100, 200), which follows the work [20].

The evaluation metrics of the performance of satisfiability
checking include accuracy (acc.), precision (pre.), recall (rec.),
and F1 score (F1). The evaluation metric of performance in
generating traces is semantic accuracy (sem. acc.). If a gener-
ated trace satisfies the given formula, then it is semantically

Authorized licensed use limited to the terms of the applicable license agreement with IEEE. Restrictions apply.



TABLE I
EVALUATION RESULTS ON SPOT-[100, 200)

satisfiability checking trace generating

approach acc. pre. rec. F1 time sem. acc. time
random | 50.00 5000 50.00 50.00 -] 517
TreeNN-con 93.61 9770 8932 9332 5,371.56
TreeNN-inv 9342 9745 89.18 93.13  4,968.67
Transformer ‘ - - - - - ‘ 50.52 12,880.00
OSUG-SAGE | 9848 99.58 98.89 99.23 68.11 | 5495  2,676.12
99 TreeNN-con
98 - TreelN-inv
97 —/— 0SUG-SAGE
=9
=05
s
4 %
03] EAGR S
92 0 GO R
0
[100,200) [200,250) [250,300) [300,350) [350,400) [400,450) [450,500)
formulae size interval
Fig. 1. Evaluation results on the larger formulae. The accuracy, precision,

and recall for neural networks have the same rankings and trends as F1 score.

accurate. We use the algorithm [21] to check if a generated
trace is semantically accurate.

Both training and testing of all neural networks are con-
ducted on a single GPU (NVIDIA A100). We train all neu-
ral networks using the Adam optimizer. For TreeNN-inv,
TreeNN-con, and Transformer, we use the hyperparam-
eter settings reported in their papers. For our approach, we use
grid search to find optimal hyperparameters.

B. Experimental Result

1) Comparison with SOTA Neural Approaches: Table 1
shows the results (%) on the test set of SPOT-[100,200),
where “time” indicates the sum of the running time (s) for
all formulae, “-” marks that the approach cannot solve, and
Bold numbers mark better results. We show the results of
random guesses in checking satisfiability and generating traces
(“random”). The performance of OSUG-SAGE in checking LTL
satisfiability exceeds that of TreeNN-con and TreeNN-inv
in all the evaluation metrics and has a significant improvement
in running speed (70 times faster). These results suggest that
our approach significantly outperforms SOTA approaches.

In trace generating, Transformer fails since its per-
formance is close to that of random guessing. It is due
to that the search space of traces is exponentially related
to the number of atomic propositions. The work [20] only
considered formulae with 5 atomic propositions, while the
average number of atomic propositions in our formulae is
34.27. The performance of OSUG-SAGE is slightly higher
than random guessing, indicating that our approach captures
some features suitable for generating traces. However, it is still
challenging to generate traces.

Fig. 1 demonstrates the generalization ability of approaches
across formula sizes. Note that the three approaches are only
trained on small formulae. Like TreeNN-con and TreeNN-
inv, the performance of OSUG-SAGE only slightly decreases
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TABLE II
EVALUATION RESULTS ABOUT VARIANTS OF OSUG-SAGE

100, 200)

98.66
89.14

200, 250)

97.46
88.64

250,300)

96.91
88.80

300, 350)

95.75
87.42

78.97
7277

350, 400)

94.85
87.26

400, 450)

94.21
88.73

77.86
73.66

[450,500) | average
9336 | 9589
87.23 88.17
7794

70.97

GCN

79.09
74.83

78.93
74.17

78.05
74.33

79.23
7212

78.58

GT 73.27

97.66
91.64

77.88
79.72

95.64
90.77

95.40
91.19

78.64
79.92

94.32
90.53

91.60
90.68

88.58
89.53

71.96
88.77

76.35
79.52
95.56
85.78

90.74

RGGC 90.44

77.68
78.82
98.30
89.23

78.31
7734

78.75
78.60

78.75
79.41

96.32
87.51

78.05
79.05
97.29
87.94

99.23
89.76

97.83
89.01

97.36
86.94

96.45

SAGE g1 87.36

when the formula sizes get larger. This suggests that our
approach has a strong generalization to the different distribu-
tions of formula sizes. Meanwhile, the performance of OSUG-
SAGE exceeds that of TreeNN-con and TreeNN-inv by a
large gap across all distributions, which also demonstrates the
advantage of our graph representation and neural architecture.

2) Effectiveness of OSUG: We compare variants of OSUG-
SAGE powered by different GNNs and different graph repre-
sentations. The GNNs include graph convolutional network
(GCN) [26], graph Transformer (GT) [27], residual gated
graph convolutional network (RGGC) [28], and graph atten-
tion network (GAT) [29]. The graph representations include
syntax tree (ST) and OSUG. Table II shows the F1 score in
checking satisfiability. All five different GNNs achieve better
performance when learning on OSUG, except GAT. We argue
that the special case of GAT is due to its powerful attention
mechanism. This suggests that learning on OSUG is able to
capture better features in almost all types of GNNs.

V. CONCLUSION AND FUTURE WORK

Neural approaches are promising to fast obtain highly
confident results for LTL satisfiability checking. In this paper,
we have proposed a new graph representation, OSUG, to
achieve SOTA performance, which further improves the speed
and confidence of neural approaches. Furthermore, we have
made SAT-verifiable checking by additionally generating a
satisfiability trace. However, it is still a challenging problem
to generate traces. Future work will extend our approach to
validate the effectiveness of neural networks on intractable
industrial instances, improve the performance of trace gener-
ating, and propose SAT-UNSAT-verifiable end-to-end neural
networks for checking LTL satisfiability.
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