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Abstract—Prime compilation aims to generate all prime impli-
cates/implicants of a Boolean formula. Recently, prime compila-
tion of non-clausal formulae has received great attention. Since
it is hard for X%, existing methods have performance issues. We
argue that the main performance bottleneck stems from enlarging
the search space using dual rail (DR) encoding, and computing a
minimal clausal formula as a by-product. To deal with the issue,
we propose a two-phase approach, namely CoAPI, for prime
compilation of non-clausal formulae. Thanks to the two-phase
framework, we construct a clausal formula without using DR
encoding. In addition, to improve performance, the key in our
work is a novel bounded prime extraction (BPE) method that,
interleaving extracting prime implicates with extracting small
implicates, enables constructing a succinct clausal formula rather
than a minimal one. Following the assessment way of the state-
of-the-art (SOTA) work, we show that CoAPI achieves SOTA
performance. Particularly, for generating all prime implicates,
CoAPI is up to about one order of magnitude faster. Moreover,
we evaluate CoAPI on a benchmark sourcing from real-world in-
dustries. The results also confirm the outperformance of CoAPT'.

I. INTRODUCTION

Prime compilation aims to generate all the prime im-
plicates/implicants of a Boolean formula. A prime impli-
cate/implicant does not contain redundant literals so it can
provide the property of minimality in some applications such
as knowledge compilation [1], logic minimization [2, 3] and
digital circuit analysis and optimization [4]. Besides, this
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problem has widely applications, e.g., logic synthesis [5, 6],
model checking [7], and fault tree analysis [8].

In practice, most problem representations are not in normal
form [9]. A simple way to handle non-clausal’® formulae is
to exploit Shannon’s expansion [10], but this approach results
in an exponential size in the worst case. Hence, non-clausal
formulae are often transformed into conjunctive normal form
(CNF) by some encoding methods, e.g. Tseitin encoding [11],
which reduces the complexity of the transformation by adding
auxiliary variables. Most of the early works only generate all
prime implicates/implicants of the transformed CNF. Note that
the prime implicates/implicants of the transformed CNF are
not that of the non-clausal formula because the transformed
CNF and the non-clausal formula are not logical equiva-
lent. Therefore, the early works cannot compute all prime
implicates/implicants of a non-clausal formula. This limits
their applications in practice. Moreover, prime compilation
of non-clausal formula is hard for 212, [12]. Developing new
approaches over different paradigms remains to be an interest-
ing research direction. Therefore, prime compilation of non-
clausal formula has received great attention [13, 14].

Previti et al. (2015) proposed the state-of-the-art (SOTA)
approaches for compiling non-clausal formulae [14]. They
construct a minimal cover (Definition 1) represented as a set of
prime implicates and find all prime implicants simultaneously.
However, there are some issues to limit their performance.
(1) They use dual rail (DR) encoding [15] throughout the
algorithm. DR encoding needs a double number of variables
as the original encoding resulting in a larger search space.
(2) It it time-consuming to construct a minimal cover since

2Throughout the paper, the term non-clausal is used to denote Boolean
formulae not necessarily represented as CNF or DNF.
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they requires considerable SAT queries to guarantee that each
implicates is prime. (3) To ensure correction, they require
minimal or maximal models in SAT solving, which limits the
polarity heuristic of SAT solver.

We argue that DR encoding is the key to compute all prime
implicates/implicants, but not necessary for constructing a
cover. Besides, because the by-produce cover aims to generate
all prime implicates/implicants, it is necessary to ensure the
logical equivalent of the cover and the input Boolean formula,
while not necessary to compute the minimal cover. Moreover,
it is questionable whether finding a minimal cover has a
practical value since the influence of the size of the cover
on the other parts of the approach is only vaguely known.

In this paper, we propose a two-phase approach, namely
CoAPI, to compile a non-clausal formula. In the first phase,
CoAPI constructs a succinct cover in the form of CNF and
it is logically equivalent to the input Boolean formula. In the
second phase, based on the cover, CoOAPI generates all prime
implicates/implicants. Thanks to the two independent phases,
in the first phase, we avoid enlarging the search space due to
DR encoding and exploit the powerful polarity heuristic.

Computing a cover efficiently and constructing a succinct
cover is trade-off. If we one-sidedly seek to efficiently compute
implicates to construct a cover, it potentially results in a
cover exponentially larger than a minimal one. The key in
our work is a novel bounded prime extraction (BPE) method
that dynamically interleaves extracting prime implicates with
extracting small implicates to construct a succinct cover. The
intuition behind BPE is to find a good trade-off between
having an efficient algorithm and constructing a succinct cover.

Following the assessment way of the SOTA work [14],
we evaluate our approach on four classic benchmarks. The
experimental results illustrate that CoAPT is faster than the
SOTA approaches on at least 88% instances. Particularly, for
generating all prime implicates, CoAPT is up to about one or-
der of magnitude faster in 32% instances. Moreover, we add a
benchmark sourcing from real-world industries [8]. Compared
with classic benchmarks, the industrial benchmark is more
challenging since it maintains millions of prime implicates or
implicants. The results on the industrial benchmark confirm
that the CoAPT significantly improves the SOTA approaches.
At the same time, the results confirm that BPE can provide a
good trade-off.

II. PRELIMINARIES

In this section, we review the basics of prime compilation.
The symbols in this section are standard in all.

A. Notation

Let V = {v1, -+ ,v,} be a set of Boolean variables. A
literal is either a Boolean variable (positive literal) or its
negation (negative literal). A term 7 is a conjunction of literals,
represented as a set of literals. || is the size of m, i.e., the
number of literals in 7. An assignment over V is denoted by
a term 7 such that, for any v € V, v is assigned to true, iff
v € 7, and is assigned to false, iff —v € 7. An assignment

cannot include both positive and negative literals of a variable.
If all the variables in V are assigned, i.e., |7| = |V], 7 is called
a full assignment over V, and partial otherwise. A clause is
the disjunction of literals. The size of a clause is the number
of literals in it. A CNF formula is formed as a conjunction of
clauses, which is denoted as a set of clauses.

Let  be a non-clausal Boolean formula. VAR(y) (resp.
LIT(y¢)) denotes the set of variables (resp. literals) of ¢. A
model of ¢ is a full assignment satisfying . Let ¢ be a
Boolean formula. We say ¢ = ¢, iff all models of ¢ are also
the models of ¢. Particularly, a model is said to be minimal
(resp. maximal), when it contains the minimal (resp. maximal)
number of variables assigned true. Two Boolean formulae are
logically equivalent iff they are satisfied by the same models.

B. Encoding Non-clausal Boolean Formulae

Non-clausal Boolean formulae are often transformed into
CNF formulae by encoding methods, such as Tseitin encod-
ing [11]. Let ¥, (resp. ¥-,) be a CNF formula encoding
@ (resp. ) via adding a set of auxiliary variables V,. We
call V, = VAR(p) = VAR(—y) a set of original variables.
Obviously, V, UV, = VAR(Z,) and V, NV, = 0. Since the
additional variables, ¢ and Y, are not logically equivalent.
|X,| means the sum of the size of clauses in ¥,. We take
Tseitin encoding as an example.

Example 1. Let ¢ = (a A b) V (ma A ¢) be a non-
clausal Boolean formula. Tseitin encoding adds three auxiliary
variables to encode @: g1 <> g2 V g3, g2 < a Ab, and
g3 <> —a A c Tseitin encoding is ¥, = {{¢g:1}, {1 V
=92},{91 V 793}, {91 V 92 V g3}, {92 V —a V =b}, {~g2 V
a}v {ﬁ92 v b}7 {QS VaVv ﬁc}v {ﬁg3 v ﬁa}v {ﬁg3 v c}} E—WO is
obtained by changing the first clause in ¥, to {—g.}. Its V,
is {a,b,c} and V, is {91, 92,93 }-

C. Dual Rail Encoding

For every variable v € V,, there exist two corresponding
variables — x,, represents the literal v; z -, represents the literal
—w. Therefore, there are three possible assignments for v: (i)
-z, A\ "T_, means v is a don’t care; (i) —x, N\ x—, means
v = false; (iii) z, A ~z-, means v = true, where x, A\ T_,
is forbidden by the constraint -z, V —z_,. Intuitively, if a
variable v is a don’t care, there exists a partial assignment 7
such that v A7 = ¢ and ~v A T |= .

D. Prime Compilation

A clause X is called an implicate of ¢ if p | A An
implicate A of ¢ is called prime if any subset A’ C A is not an
implicate of ¢. A term « is called an implicant of ¢ if k |= .
An implicant s of ¢ is called prime if any subset ' C & is
not an implicant of ¢.

Prime compilation aims to compute all the prime implicates
or implicants. Given an implicant 7 of ¢, =7 is an implicate
of —y, and vice versa (duality). Therefore, we can use the
negation of implicants of —¢ as implicates of ¢ to construct a
cover of . Due to the duality of the implicates and implicants,
we can compute all prime implicates of the formula via solving
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all prime implicants of the negation of the formula. For brevity,
we illustrate our method to compute all prime implicants.

III. TWO-PHASE PRIME COMPILATION

In this section, we illustrate our approach, CoAPI. We
first give an overview of the two-phase framework. Then,
we introduce constructing a cover in the first phase and
enumerating all prime implicants in the second phase.

A. Overview: Two-phase Framework
Before describing the two-phase framework, we introduce
the concept of cover.

Definition 1. A Boolean formula @ is a cover of ¢ if ® is a
conjunction of implicates of ¢ and is logically equivalent to

of implicates in ®. A cover is minimal if all the implicates of
the cover are prime.

Intuitively, the cover @ of ¢ is accord with the form of CNF
and only consists of the variables in V,. In order to generate
all prime implicants of ¢, it is necessary to compute prime
implicants of the cover of ¢ under the DR encoding [14].
Previti et al. (2015) combined the construction of cover and the
generation of all prime implicants into a unified process under
DR encoding [14]. Naturally, constructing a cover indepen-
dently need not use DR encoding, which avoids enlarging the
search space. Moreover, we can exploit the powerful polarity
heuristic method for SAT solving in the first phase.

Based on the considerations above, we design a two-phase
approach, namely CoAPT, to compile a non-clausal Boolean
formula. CoAPT takes X, ¥, and V, as input, which is the
same as the approach [14]. CoAPT returns all prime implicants
IT of . The two-phase framework is summarized as follows.

1) It first, using original encoding, computes a set of
implicates with small size to construct a succinct cover
@ in the first phase (COMPILECOVER);

2) then, using DR encoding, generates all prime implicants
II based on @ in the second phase (COMPILEALL).

B. First Phase: Constructing a Succinct Cover

In this subsection, we first introduce COMPILECOVER, and
then discuss some ideas to extract implicates. Algorithm 1
shows the pseudo-code of COMPILECOVER. It maintains a
set of blocking clauses B to avoid searching for the same
implicate. It keeps iterating until a cover has been constructed
(line 9). At each iteration, it first searches for a model 7 of
Y, which is not blocked by B (line 3). Then, it extracts a
partial assignment 7, such that 7, = ¢ (lines 5-6). Finally,
it updates @ and B by a blocking clause —m,, (line 7).

Although COMPILECOVER is inspired by the well-known
blocking clause approach [16], it holds two additional con-
straints as follows: (i) it needs to extract implicates of ¢ and
(ii) the size of the implicates is required to be small. The first
constraint is straightforward. If 7 is a model (a full assignment)
of X, after removing all the literals corresponding to V,
from 7, my,, = - holds. Therefore, my, (line 5) is a model

Algorithm 1: COMPILECOVER

Input : 3y, Xy, and V,
Output : A cover @ of ¢
1P+ 0,B+0
2 while true do
(st, ™) < SAT(X-, U B)
if st is SAT then
L my, < {l € 7| VAR(0) EVO} Iy, = - #
\

p < BPE(S,.my,) [ T
D+ PU{~mp}, BeBU{—vrp}

else
| return &

ﬁ7::;:/

B N I N

e ®

of —¢. However, the second constraint is challenging. If it
directly uses —my, as an implicate of ¢ to construct a cover,
the size of the cover is exponentially larger than the size of ¢
potentially. We will introduce a novel extraction method BPE
(line 6) in Section IV.

We establish the correctness of Algorithm 1 as follows.

Theorem 1. Let ¢ be a non-clausal Boolean formula, %, a
CNF formula encoding ¢, Y-, a CNF formula encoding —,
and V, a set of variables of p. COMPILECOVER terminates
and ¢ = COMPILECOVER(X,,X-,,V,) is a cover of .

Sketch of proof. We first prove that if COMPILEALL ter-
minates, ¢ is a cover of ¢. If COMPILECOVER terminates,
Y-, A B is unsatisfiable. It means that ~¢ A B is unsatisfiable
because —¢ is satisfiability equivalent to >_,. Due to B = &
and VAR(B) C Vg, ¢ = ¢ holds. For each clause ¢ € @,
because —c¢ is an implicant of = (—¢ = —), we have ¢ |= c.
Therefore, ¢ = @. Obviously, @ is of the form CNF. So & is
a cover of .

We are now going to prove that if @ is a cover of ¢,
COMPILEALL terminates. Obviously, when B is logically
equivalent to ¢, i.e., @ is a cover of , = A B is unsatisfiable
where COMPILECOVER terminates. O

We use an example to illustrate COMPILECOVER.

Example 2 (Example 1 continued). In the first iteration, a
model T = —g1 A=ga A=gzA—aANbA—c of ¥, is found; then
we extract a small implicant m, = —~a A —c of =y, afterward,
an implicate a V ¢ of ¢ is obtained. In the second iteration,
we can obtain an additional implicate —a \V b. Afterward,
Y ,U{aVe, maVb} is unsatisfiable. In total, COMPILECOVER
returns a cover & = (a V ¢) A (—a V b).

C. Second Phase: Generating All Prime Implicates/Implicants

In the second phase, based on the cover @, we design COM-
PILEALL to generate all prime implicants. We reformulate the
prime implicants generation problem as the minimal model
enumeration problem. Algorithm 2 shows the pseudo-code of
COMPILEALL. In this way, we build up 4 = P U L_ by DR
encoding (line 2), where each clause ¢; =11 V... VI in @ is
transformed into a clause ¢/ = x;, V... V 1y, , denoted by P,
and £_ includes the clauses —z, V —x_, for every variable
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v € V,. At each iteration, firstly, we search a minimal model?
7 of H U B where B is a set of blocking clauses. Secondly,
we extract a partial model ﬂf containing all positive literals
in 7 (lines 6-7). Finally, IT and B are updated (line 8). Note
that /\mzierf l; is a prime implicant of ¢ since it satisfies all
the clauses in ¢ using a minimal number of literals. When
COMPILEALL terminates (A U B is unsatisfiable), II includes

all prime implicants of ¢ (line 10).

Algorithm 2: COMPILEALL
Input 1D,V
Output : All prime implicants IT
1 I+ 0,B+0
2 H <ENCODEDUALRAIL(®,V,)
3 while true do

4 (st, ) < MINIMALSAT(H U B)

5 if st is SAT then

6 ﬂ‘g + {1 € 7|l is a positive literal}
7 T 4= /\l'l ) Gﬂ'f l;

8 M« Tu{rF}, B+ BU{-ni}
9 else

10 | return I

This idea is similar to the work [17]. However, we observe
that a large number of the constraints expressing the minimal
model will hang up for memory problems and severely reduce
performance for Boolean constraint propagation (BCP) in SAT
solving, particularly for large cases. Therefore, we do not
use the constraints establishing a bijection between prime
implicants and the models.

We establish the correctness of COMPILEALL as follows.

Theorem 2. Let ¢ be a non-clausal Boolean formula, ¢ a
cover of ¢, and V, a set of variables of p. COMPILEALL
terminates and 11 = COMPILEALL(®,V,) includes all prime
implicants of .

Sketch of proof. We first prove that if there exists a prime
implicant of ¢ which has not been found, H U B is satisfiable.
Without loss of generality, suppose that there is a single prime
implicant 77" not in II. 7% corresponds to a partial assignment
7 = a1 A.. Az, for H. We extend 7 as a full assignment
Wf =TI N eo ATy A 1A, ...y ATy, Due to the 7F s
a prime implicant of II, wf satisfies H. Moreover, every pair
of prime implicants differs in at least one variable on H. This
means that at least one literal of each clause in B is in the set
of literals {—%,,+1, ..., 7n }. Therefore, Wf also satisfies B.

We are now going to prove that if all prime implicants of
¢ are computed, COMPILEALL terminates. Because of the
duality between the prime implicate and prime implicant, =53
is logically equivalent to P when all prime implicants of ¢
are computed, in which H U B is unsatisfiable. O

Recall Example 2, we compute all prime implicants.

3In an SAT solver, e.g. MiniSAT, we can set the polarity of all variables to
be false.

Example 3 (Example 2 continued). COMPILEALL encodes &
as H = (g V xe) N (Xog V xp) A (g V m2og) A (mxp V
—Zp) A (mx. V mxe). In the first iteration, a minimal model
T = "Xg NTag Ny ATy Ax N T is found. Therefore,
Tp = Tog N\ T and we get a prime implicant —a A c. Finally,
after similar steps, we obtain all prime implicants —a/c, bAc,
and a N\ b.

IV. BOUNDED PRIME EXTRACTION

In this section, we first introduce a novel method to extract
a small implicant; and then analyze its performance.

In order to extract small implicants of —¢ to construct the
cover of ¢, we introduce the concept of a necessary literal.

Definition 2. Given an implicant 7 of —p, | € 7 is necessary
for  if it fulfills the requirement that /\l,en Ll Iy N3y is
satisfiable.

We can check whether /\liemlﬁél l; N3, is satisfiable with
one SAT query. A straightforward idea to extract a small im-
plicant is to remove all the unnecessary literals from a model.
It keeps a minimal size of the implicant, i.e., prime implicant,
to construct a minimal cover. A naive method, namely linear
method, linearly query the necessity of all literals in a model.
Alternatively, QuickXplain [7] (QX) expands the checking of
the necessity of a single literal to part of literals. It recursively
splits an implicant and checks the necessity of the partial
literals. So QX requires exponentially fewer queries in the
optimal case than the linear method.

However, it is time-consuming to construct a minimal cover
because there are considerable SAT queries to guarantee that
each implicant is minimal. In addition, although a minimal
cover can result in a greatly succinct representation, it is
not clear whether the greatly succinct representation is cost-
effective in two phases. Therefore, we design BPE to find
a good trade-off between having an efficient algorithm and
constructing a succinct cover.

Algorithm 3: BPE

Input : X, and a model 7 of =

Output  : An implicant 7, of —¢

(st, ') < ASSUMPSAT(Z,, m) /* PREE *#/

2 /* sup and inf are global variables and are initialized as the size
of the first prime implicant obtained. */

3 if |7'| > sup then
| 7p ¢ LINEAREXTRACT(Z,, ') /* PE #/

-

s else if |7/| > inf then
6 L 7p < INTERVALEXTRACT(Z,, ') /* SE */
7 else
| mp
9 /* update boundary */
10 if |mp| > sup then
n | sup < |mpl
12 else if |m,| < inf then
13| inf < |mpl

14 return 7,

Algorithm 3 summarizes BPE. Depending on the size of
the obtained implicants (line 1), BPE dynamically returns
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either a prime (line 4) or a small implicant (line 6 and 8)
that subsumes it. The decision between these two cases is
done by keeping track of the maximum and minimum sizes of
implicants already in the cover, stored in the global variables
sup and in f respectively. Intuitively, the small size of different
instances is distinct, so we use sup and inf to dynamically
measure the small size for different instances.

We define three operations — preliminary extraction (PREE),
prime extraction (PE), and small extraction (SE) to extract
implicants in different levels.

In PREE, we extract an implicant via querying a SAT solver
whether X, is satisfiable under a set of assumptions 7. A set of
failed assumptions [18] 7’ is a new implicant with the same
or a smaller size of 7. Based on the size of 7/, we select
executing PE or SE to further shrink 7.

If |7'| > sup (PE), in order to control the size of the cover,
we must reduce the size of the implicant or prove that a larger
prime implicant exists. Although QX is asymptotically optimal
in the number of SAT queries to extract a prime implicant, it
potentially requires more queries than the linear method when
most of the literals in an implicant are necessary [7]. Moreover,
using the failed assumptions, a SAT solver potentially obtains
an implicant with most of the necessary literals. Therefore, we
expect the better performance of extracting prime implicants
using the linear method, than using QX.

Algorithm 4: INTERVALEXTRACT

Input : Xy and an implicant 7 of —¢
Output  : An implicant 7, of —¢
1 Tp T

2 if |mp| is 1 then
3 | return 7,

4 else

5 (71, mr) <= PARTITION(7p)

6 (st, ™) < ASSUMPSAT(E,, m;)
7 if st is UNSAT then R
8 L return INTERVALEXTRACT(Z,, )

9 else

10 (st, ™) < ASSUMPSAT(Z,, 7r)

11 if st is UNSAT then 1% o = #/
12 L return INTERVALEXTRACT(Z,, )

13 else

14 | return m,

If inf < |7'| < sup (SE), we relax the requirement for
the small size and pursue high performance. To this end, we
design INTERVALEXTRACT (Algorithm 4) to extract a small
implicant. It first partitions 7 into two partial assignments (7
and 7,.) with the same size (line 5). Then, based on a divide
and conquer, checks whether m; (line 6) or 7. (line 10) is an
implicant of —. If at least one is an implicant, we obtain
a new implicant 7’ (half size of 7) and continue to partition
7’ (lines 8 and 12). Compared with QX, INTERVALEXTRACT
avoids discussing the case (line 14), in which neither m; nor
7, is an implicant, to cut down the time consumption.

The following theorems show that BPE can achieve a
good trade-off between having an efficient algorithm and

constructing a succinct cover.

Theorem 3. In Algorithm 3, m, is smaller than or equal in
size to the largest prime implicant of —p.

Sketch of proof. Because sup is only updated when extract-
ing a prime implicant (Alg.2 of line 3), sup indicates the size
of obtained largest prime implicants. Therefore, m, is smaller
than or equal in size to the largest prime implicant of ~¢. [

Theorem 3 avoids producing the exponential number of
implicants to construct a cover in the worst case where the
size of the implicants is close to the models.

Theorem 4. In Algorithm 3, if |7'| > sup, BPE requires
O(|7']) SAT queries; if inf < |r'| < sup, requires O(lg |:—‘|)
otherwise requires O(1). !

Sketch of proof. If || > sup, we utilize the linear method.
It needs to call SAT solver |n/| times to query whether
each literals in 7' is necessary. If inf < |7'| < sup, we
utilize INTERVALEXTRACT. In the worst case, all 7; is not an
implicant of —p, while m,. is| tp‘at, until the size of 7, is 1. It

™

needs to call SAT solver lg Tl times. Otherwise, we accept
P

7' as result, where it only needs one SAT query (line 1). [

Theorem 4 maintains the high performance of BPE. In the
worst case (|7'| > sup), although we require O(|7’|) SAT
queries, we obtain a prime implicant helping to construct a
succinct cover. Otherwise (|7| < sup), we only require fewer
SAT queries, which usually exhibit better performance, and
obtain an acceptable size.

V. EXPERIMENTAL RESULTS

Following the assessment way of the SOTA work [14], we
considered the research questions as follows.

RQ 1. What is the performance of CoAPI compared with
the SOTA approaches for prime implication of non-clausal
Boolean formulae?

RQ 2. Can CoAPI outperform the SOTA approaches in the
real-world industrial benchmark?

RQ 3. Can BPE keep a good trade-off between having an
efficient algorithm and constructing a succinct cover?

Benchmarks. We evaluated CoAPI on two kinds of bench-
marks. The classic benchmarks are introduced by Previti et al.
(2015), namely QG6, Geffe gen., F+PHP, and F+GT. The in-
stances in the four benchmarks, from quasigroup classification
problems (QG6), cryptanalysis of the Geffe stream generator
(Geffe gen.), and crafted formulae (F+PHP and F+GT), have
fairly large numbers of variables but without a large number
of prime implicates/implicants.

The industrial benchmark FT [8] comes from real-world
safety-critical systems in the areas such as the aerospace and
nuclear power industries. Compared with classic benchmarks,
FT is more challenging since it maintains millions of prime
implicants (details in Table II). In this area, a fault tree can
be represented as a non-clausal Boolean formula, in which
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Fig. 1. CPU time comparison of primer-a, primer-b, CoAPI and the variants of CoAPI. The X-axis and Y-axis represent the execution time in seconds

for prime compilation. Note that (a) is under log coordinates.

basic events characterize the failure of system components
and internal events characterize the failure of the subsystem.
Computing prime implicants of a fault tree, i.e., finding all
minimal combinations of the status of system components
resulting in a system failure, is a fundamental step in fault
tree analysis [19]. A prime implicant characterizes the root
cause of a system failure, so all prime implicants provide im-
portant information about all vulnerabilities of a system [20].
Also, Contini et al. (2008) claimed that the significance of
computing all prime implicants lies in the complete analysis
of the conditions leading to the system failure, particularly for
the safety-critical systems [21].

State-of-the-art competitors. For answering RQ1 and RQ2,
we compared CoAPI with the SOTA approach [14] to com-
piling a non-clausal Boolean formula, namely primer. It
has two variants based on different search strategies, namely
primer-a and primer-b. Note that the approaches based
on binary decision diagrams (BDDs) [22] were not tried since
they require building a BDD for a formula and it is unable to
construct a BDD for the most of formulae within 1 hour or it
is out of memory.

Because of the inherent intractability of compiling a non-
clausal Boolean formula and the large scale of a fault tree
in reality, the SOTA approaches to compiling a fault tree
only consider some approximate solutions, such as XFTA [23]
and SATMCS [8]. Therefore, we did not compare with
them for computing exact prime implicants. For the exact
approaches [24], they are based on BDDs. We also did not
report their results since they were unable to construct a BDD
for most instances because of the exponential memory cost
during building a BDD.

For answering RQ3, we compared CoAPT with its variants.
We categorized the variants of CoAPT into three classes based
on different extraction methods. They are only different in
extracting implicants to construct a cover in COMPILECOVER.

The first one (our method) uses BPE — CoAPI. It in-
terleaves extracting prime implicates with extracting small

implicates to construct a cover.

The second class of methods is only to extract prime

implicants, including CoAPI-pp and CoAPI-gx.

e CoAPI-pp first utilizes PREE, then only exploits PE.

e CoAPI-gx uses QX.

The third class of methods is only to extract small implicants

including CoAPI-ps, CoAPI-fa, and CoAPI-idp.

e CoAPI-ps first uses PREE, then only exploits SE.

e COAPI-fa iteratively invokes a SAT solver holding failed
assumptions [25, 26]. In this way, we keep invoking a
SAT solver until the size of the implicant is unchanged.
It can be seen as an extension of the idea utilizing the
consecutive dual propagation [26].

e CoAPI-idp utilizes the interleaved dual propaga-
tion [27].

Settings. We implemented CoAPI and its variants utilizing
MiniSAT [28] that was also used to implement, primer-a,
and primer-b. For each instance, we considered two tasks:
(1) generating all prime implicates; (2) generating all prime
implicants. Due to the duality of the implicates and implicants,
we generated all prime implicates of formula via solving all
prime implicants of the negation of the formula. Note that there
are not all prime implicates in the prime cover for primer-
a and primer-b. In order to obtain all prime implicates,
we must also invoke primer-a and primer-b to compute
all prime implicants of the negation of the formula. The time
limit was 1 hour and the memory limit was 10 GByte for each
instance. All the experiments were performed on an Intel Core
15-7400 3 GHz, with 20 GByte of memory and running Ubuntu
18.04. The results of each approach reported is the mean data
of 10 repeated experiments.

A. Comparison on The Classic Benchmarks

In order to assess the two-phase framework, we additionally
compared CoAPI-gx with primer. CoAPI-gx uses QX to
construct a prime cover, which is the same as primer, and
only differs from primer in the two-phase framework.

Authorized licensed use limited to: SUN YAT-SEN UNIVERSITY. Downloaded on June 01,2026 at 15:35:30 UTC from IEEE Xplore. Restrictions apply.



TABLE 1
THE NUMBER OF INSTANCES COMPUTED (TASK (I) / TASK (II)).

0G6 Geffe gen. ~F+PHP  F+GT Total

(83) (600) (30) (30) (743)
primer-a | 30/68 577/596 30/30 28/30 665/724
primer-b | 30/67 578/596 30/30 28/30 666 /723
CoAPI-gx | 30/73 589/593 30/30 26/30 675/726
CoAPI 30/8 589/595 30/30 30/30 679/737

Table I shows the number of instances that can be computed
successfully, where boldface numbers refer to the better
results. Overall, CoAPI-gx, primer-a, and primer-b are
comparable. CoAPI successfully computes more instances
than primer-a and primer-b. Particularly, CoAPI in-
creases the number of instances in QG6 for the task (ii) and
in Geffe gen. for the task (i).

More details are shown in Figure 1(a) and (b) where the
points above the diagonal indicate advantages for CoAPI-gx
or CoAPI. For task (i), CoAPI computes much faster than
primer-a (resp. primer-b) in 664 (resp. 666) instances —
it is at least one order of magnitude faster than primer-
a (resp. primer-b) in 214 (resp. 215) instances. For task
(ii), CoAPI dominates primer-a and primer-b on QG6,
F+PHP, and F+GT. Particularly, for QG6, CoAPI reduces
execution time for at least 53% (resp. 50%) compared with
primer-a (resp. primer-b). Obviously, CoAPI greatly
improves the efficiency of the task (i). The reason is that
most of the literals in an implicant are necessary, primer-
a or primer-b requires significantly more SAT queries for
extracting a prime implicant. Therefore, it seriously reduces
the performance of primer-a and primer-b.

CoAPI-gx is also better than primer-a and primer-
b. It is in 70% (resp. 67%) instances that CoAPT-gx beats
primer-a (resp. primer-b). The advantage of CoAPI-gx
is due to the two-phase framework, which avoids enlarging
the search space and benefits from the polarity heuristic. In
addition, CoAPT is greatly better than CoAPI-gx because of
adopting BPE, which we will discuss in Section V-C.

Since primer-a, primer-b, CoAPI, and the variants of
CoAPI are comparable in memory cost for prime compilation,
we omit the report about memory. The comparable perfor-
mance in space of these approaches results from the blocking
clause framework for enumerating all results.

To summarize, the better performance of CoAPI-gx than
the SOTA approaches confirms that the two-phase framework
is efficient. Moreover, CoAP I outperforms SOTA approaches
and CoAPI-gx because of the two-phase framework and the
novel bounded prime extraction.

B. Comparison on The Industrial Benchmark

Following the settings of Section V-A, we evaluate CoAPI-
gx and CoAP I on the industrial benchmark. Table II illustrates
the results, where “N/A” indicates the results out of the CPU
time limit and if the time usage is less than 0.01s, it is marked
as 0.00. Overall, CoAPI-gx and CoAPI can successfully
solve 16 instances which include all the 15 (resp. 15) instances

successfully computed by primer-a (resp. primer-b). For
most cases, CoAPI uses significantly less CPU time than
primer-a and primer-b.

TABLE II
CPU TIME (S) ON THE INDUSTRIAL BENCHMARKS

Instances | #BE! #IE? #PI? primer-a primer-b CoAPI-gx CoAPI

baobab3 80 107 24,386 N/A N/A N/A N/A
chinese 25 36 392 0.02 0.01 0.00 0.00
das9201 122 82 14,217 164.95 163.68 145.60 83.00
das9202 49 36 27,778 62.69 60.21 28.68 28.62
das9203 51 30 16,200 0.40 0.33 0.24 0.24
das9204 53 30 16,704 2.18 0.68 0.70 0.83
das9205 51 20 17,280 0.25 0.29 0.02 0.03
das9206 121 112 19,518 256.08 331.06 44.78 72.56
das9207 276 324 25,988 N/A N/A N/A N/A
das9208 103 145 8,060 5.96 6.35 6.06 117
das9209 109 73 8.2E10 N/A N/A N/A N/A
edf9201 183 132 579,720 1,164.51 1,100.92 830.85 742.67
edf9202 458 435 130,112 N/A N/A N/A N/A
edf9203 362 475 20,807,446 N/A N/A N/A N/A
edf9204 323 375 32,580,630 N/A N/A N/A N/A
edf9205 165 142 21,308 86.82 43.57 46.68 53.16
edf9206 240 362 N/A N/A N/A N/A N/A
edfpal4b 311 290 105,955,422 N/A N/A N/A N/A
edfpaldo 311 173 105,927,244 N/A N/A N/A N/A
edfpaldp 124 101 415,500 N/A N/A N/A N/A
edfpaldq 311 194 105,950,670 N/A N/A N/A N/A
edfpaldr 106 132 380,412 N/A N/A N/A N/A
edfpalSb 283 249 2,910,473 N/A N/A N/A N/A
edfpalSp | 276 324 27,870 N/A N/A 1,061.29  1,012.33
edfpal St 88 110 26,549 2,755.73 2,872.39 1,087.08 967.62
elf9601 145 242 151,348 N/A N/A N/A N/A
ftr10 175 94 305 14.11 13.82 15.44 1.24
isp9602 116 122 5,197,647 N/A N/A N/A N/A
isp9603 91 95 3,434 570.37 565.98 568.08 80.90
isp9604 215 132 746,574 N/A N/A N/A N/A
isp9606 89 41 1,776 72.19 71.73 33.61 13.69
isp9607 74 65 150,436 452.26 540.61 273.99 262.09
jbd9601 533 315 14,007 N/A N/A N/A N/A
#win 0 2 4 12

! the number of basic events.
2 the number of internal events.
3 the number of prime implicants.

In summary, CoAPI has an excellent ability in generating
all prime implicants on the benchmarks of fault tree compared
with the SOTA approaches. At the same time, we also notions
that FT is challenging for all approaches: only about half of
the instances can be computed. The reason is that a large
number of blocking clauses resulting from lots of prime
implicants reduces the performance of BCP. Our future work
will optimize CoAPTI to handle more industrial instances.

C. Comparison with Other Extraction Methods

To evaluate our method, we compared CoAPI with its
variants on the five benchmarks: QG6, Geffe gen., F+PHP,
F+GT, and FT. Overall, the most points are above the diagonal
line, which represents CoAPI is faster in most instances.
Both CoAPI-pp and CoAPI are also faster than CoAPI-gx,
which confirms our analysis about the weakness of QX in
Section IV. Besides, either only extracting prime implicants
or only extracting small implicants cannot outperform the
combination, which shows that BPE does play a vital role.

The more detail statistics are shown in Table III, where the
statistics present the ratio of the average results of a CoAPI’s
variant to that of CoAPI and we use underline to negative
results for CoAPI. Compared with the methods to only extract
small implicants, CoAPI constructs a more succinct cover
than any other method that only extracts small implicants,
particularly for task (ii). And, CoAPTI does not suffer from the
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performance issue resulting from the slightly larger cover in
COMPILEALL. In addition, compared with the methods to only
extract prime implicants, CoAPI requires fewer SAT queries,
which speeds up in COMPILECOVER. Above comparisons
show that BPE provides a better trade-off between having an
efficient algorithm and constructing a succinct cover.

TABLE III
RESULTS OF EXTRACTING METHODS (TASK (I) / TASK (II)).

|=|! #SAT? T. in CC3 T. in CA*
CoAPI-pp 1.00 7 045 6.82 7 1.44 4317126 136/ 0.88
COAPT-gx 1.00 / 0.33 1138/1.57  4.50/227 0.96/ 1.18
CoAPI-ps 1.00 7331 1.60/2.25 1547145 1.30/4.58
CoAPI-fa 1.00/93.62 096/ 11419  1.73 /700.09 136 /5.73
CoAPI-idp | 4.60 /1952532 0.75/609.71 2.86/121.83  1.24/7049.41

! the size of the cover. The statistic is lager than 1 means that COAP T is more succinct.

2 the number of SAT queries in COMPILECOVER. The statistic is lager than 1 means
that CoAPT requires fewer SAT queries.

3 the execution time in COMPILECOVER. The statistic statistic is lager than 1 means
that CoAPT uses less time for constructing a cover.

4 the execution time in COMPILEALL. The statistic is lager than 1 means that CoAPT
uses less time for generating all prime implicants.

Note that the methods to extract prime implicants produce
the smallest average size of the cover than any other method.
However, their performance is obviously inferior to CoAPT.
It confirms that finding a minimal cover is not always good
for the whole task. The reason is that the cost of constructing
minimal cover is too high. Although CoAPI-pp and CoAPI-
gx are comparable in the average size of the cover, CoAPI-
pp generally uses fewer SAT queries than CoAPI-gx, which
results in a lower time cost. It also illustrates that QX often
reaches the worst case in extracting prime implicants.

In summary, we verify that our extraction algorithm (BPE)
can find a good trade-off between having an efficient algorithm
and constructing a succinct cover.

VI. RELATED WORK
A. Prime Compilation

A large family [29, 30, 31] is based on O-1 integer linear
programming to compile a Boolean formula. Motivated by
the work [31], Jabbour et al. (2014) proposed a SAT-based
reformulation approach [17]. Some other works [32, 33, 34]
exploited the adaptations of DPLL-like procedure.

The above works only focuses on compiling a clausal
formula. With the introduction of new technologies, it is
possible to efficiently generate all prime implicates/implicants
of a non-clausal formula. Such as, Ngair (1993) studied an
incremental algorithm working on a more general input [35].
Ramesh et al. (1997) used the negation normal form with path
dissolution [36]. Matusiewicz et al. (2009) proposed prime
implicate trie to encode prime implicates [13]. In addition,
a number of approaches were based on BDDs [22] or zero-
suppressed BDDs [24]. These approaches, however, still suffer
from time or memory limitations in practice.

Recently, Previti et al. (2015) described the SOTA ap-
proach [14]. Their work shares high-level motivation with our
work, but differs with respect to how it is realized, constructing
a prime cover and finds all prime implicants simultaneously.

Our experiments show that our approach is much better than
their approach. In the rare case where all covers of a formula
require an exponential number of implicates, our approach will
time out in the first phase. Although the approach [14] can
output partial results, they cannot return all the results because
they also rely on the cover.

B. Extracting Small Implicants

Dual propagation. Goultiaeva et al. (2013) proposed inter-
leaved dual propagation for QBF solving [27]. We can use the
interleaved dual propagation to detect partial models early in
a SAT solving. Niemetz et al. (2014) proposed consecutive
dual propagation [26]. To extract implicants, this method
is similar to the work [25]. Zhang and Malik (2003) took
multiple SAT queries to extract a small implicant with different
failed assumption orders to extract a small implicant [25].
Our experiments show that these methods based on dual
propagation cannot produce small implicants in some cases.
Unsatisfiable sets/subformula. Extracting a small implicant
is a special case of computing a small/minimal unsatisfiable
set/subformula (US). To this end, each literal of an implicant is
treated as a unit clause, and a small implicant can be obtained
by extracting the unit clauses in a small/minimal US.

The results of methods proposed by Gershman et al. (2006)
(small US) and Mencia et al. (2019) (minimal US) were not
shown in experiments, since they are unable to construct a
cover for most of the formulae within 1 hour. It is reasonable
that computing a special case using a general algorithm often
leads to poor performance.

C. All-SAT Problem

Although the blocking clause approach is to solve All-SAT
problem, in our work, the assignment must fulfill the additional
constraints. Therefore, All-SAT problem is computationally
less expensive than the problem we tackled. We have tried
to modify the All-SAT solver [39] to construct the cover in
the first phase. Due to the limitation of extraction algorithms,
they hung up for memory problems for most instances.

VII. CONCLUSION AND FUTURE WORK

For prime compilation of non-clausal Boolean formulae,
we have proposed a two-phase approach — CoAPI and a
dynamical extraction method — BPE. Note that our approach
can handle not only non-clausal but also clausal formulae. Our
experimental results show that CoAP I has dramatically pushed
the limits of the performance of the state-of-the-art approaches
on the classic and industrial benchmarks. Moreover, the results
confirm that BPE provides a good trade-off between having an
efficient algorithm and constructing a succinct cover. Future
work will develop optimization techniques to improve perfor-
mance for the industrial benchmark.
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